ON THE DISTRIBUTIONS OF THE STATISTICS (DES,
MAJ, INV) OVER SEVERAL CLASSES OF
PERMUTATIONS

GUO-NIU HAN, KATHY Q. JI, AND HUAN XIONG

ABSTRACT. We investigate the joint distribution of the trivariate sta-
tistics (des, maj,inv) on classical permutations, André permutations of
the first and second kinds, and Simsun permutations. By decomposing
permutations according to the position of the smallest element, we ob-
tain explicit recurrence relations for the generating functions of these
statistics. In the classical permutation setting, our recurrence relation
yields the generating function for the trivariate statistics (des, maj, inv)
due to Gessel, which is typically proved using MacMahon’s technique.

1. INTRODUCTION

The study of permutation statistics is a popular topic in enumerative
combinatorics. Since the pioneering work of MacMahon [17], the distribu-
tion of statistics such as the descent number (des), major index (maj), and
inversion number (inv) has been extensively investigated [11, 11, 15].

Let &,, denote the symmetric group on {1,2,...,n}. For a permutation
o = 01090y € &,, the inversion number is defined by

inv(o) = #{(i,j) |1 <i<j<n, 0> 05},

where the symbol # stands for the cardinality of a set.
The descent set of o, denoted by Des(o), is defined by

Des(o)={i|1<i<n-—1, 0; > 01},
and the descent number des(o) satisfies
des(o) = # Des(o).
The major index maj(o) is defined as the sum of its descent positions, namely

maj(o) = Z i

1€Des(o)

Date: 2026/06/03.
2020 Mathematics Subject Classification. 05A05, 05A15, 05A19, 05A30.
Key words and phrases. Permutation statistics; André permutations; Simsun permu-
tations; g-series; Recurrence relations.
1



2 GUO-NIU HAN, KATHY Q. JI, AND HUAN XIONG

The bivariate generating function
Ages’inv(t, q) _ Z tdes(a)+1qinv(a)7
ceGy,

which records descents and inversions, has a well-known exponential gener-
ating function due to Stanley [20]:

z™ 1-—t

Ages,inv t,q — ’
nzz;) ( )[n]q! 1 —te(x(1—1);q)

where

)= — (1.1)

E
>0 [n]q-

Here and in the sequel, for a positive integer n, we define
_ 1=
=1,

[n]g : =1+q+-+qg" !

and for n > 1,

Assume that [0],! = 1.

Note that in the definition of A%es’mv(t, q), the power of t is des(o) + 1,
while some articles may adopt des(c). This elegant formula unified the
Fulerian and Mahonian statistics in a single generating series. Stanley’s
proof used binomial posets and Mobius inversion, establishing a foundational
link between poset theory and permutation enumeration. Garsia [14] and
Gessel [15] later provided alternative proofs. Subsequently, Désarménien
and Foata [7] observed that the right-hand side of Stanley’s identity can be

written as
27\ !
11—ty (1—t)! >
( Z [n]q!

n>1
from which they derived a “semi” g-recurrence: For n > 1
Yy

n—1
Ages,inv(t’ C]) — t(l - t)n—l + Z |:n:| A?es’inv(t,q)t(l o t)n—l—i7 (12)
im1 e
where the g-binomial coefficient (also called the Gaussian polynomial) is
defined by

1—g¢)A—q"") - (1—g""
I SRR e

0. otherwise,

for 0 <i <mn,

see Andrews [2, Chapter 1].
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Note that the summand in (1.2) mixes g-dependent and g-independent
factors. A “fully” g-recurrence—in which every term depends explicitly on
g—was later given by Chow [5]:

n—1
es,inv n s, inv n es,inv es,inv
AN (1 0) = (0 H gD AT () + 30 ] A () 4 (1),
k=1
(1.3)

which reduces to the classical convolution recurrence for Eulerian polyno-
mials when ¢ = 1.

Among various permutation classes, André permutations hold particular
significance due to their intimate connection with Euler numbers. The Euler
numbers E,,, which appear in the Taylor expansions of sec(x) + tan(z), were
shown by André in the late 19th century to enumerate alternating permuta-
tions [1]. André permutations, introduced by Foata and Schiitzenberger [11]
and further studied by Strehl [22] and Foata and Strehl [12, 13], provide
additional combinatorial interpretations for these numbers.

For a permutation o0 = 0109 - - - 0, with n > 2, consider its decomposition
o = 7min(o)7’, where min(c) is the minimum element. Then o is called an
André permutation of the first kind if both 7 and 7" are André permutations
of the first kind, and the maximum element of the concatenated subword 77’
lies in 7/. Similarly, o is an André permutation of the second kind if both
and 7/ are André permutations of the second kind, and the minimum element
of 77/ lies in 7. The empty permutation and single-element permutations
are defined to be both types of André permutations. Denoting by Andfl and
And? the sets of André permutations of the first and second kind on [n] =
{1,2,...,n} respectively, it is well known that E, = |Andl | = | AndZ |.

Another important class is that of Simsun permutations, introduced by
Simion and Sundaram in their study of homology representations of the
symmetric group [23, 24]. A permutation ¢ = 0103...0, on [n] is called
a Simsun permutation if it contains no double descents, and this property
persists after successively removing the largest remaining elements n,n —
1,...,2,1 in order. For example, it is easy to see that ¢ = 2147365 is a
Simsun permutation since 2147365, 214365, 21435, 2143, 213, 21, 1 have no
double descents. Remarkably, the number of Simsun permutations on [n],
denoted RS, also equals the Euler number F,;;. The notation RS, was
first adopted by Chow and Shiu [6], who established a bijection between
André permutations of the first kind and Simsun permutations, showing
that the descent statistic is equidistributed over these two classes:

Z tdes(a) — Z tdes(o') )

o€And], o€RSp1

Beyond their enumerative significance, André permutations and Simsun
permutations play crucial roles in understanding the cd-indices of simplicial
Eulerian posets [1, 16, 19, 21]. Their properties have been further explored
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by Barnabei et al. [3], Chow and Shiu [6], Deutsch and Elizalde [8], Disanto
[9], and Foata and Han [10], among others.

In this paper, we extend the study of permutation statistics to the trivari-
ate setting for these important permutation classes. We investigate the joint
distribution of the statistics (des, maj, inv) for classical permutations, André
permutations of the first and second kind, and Simsun permutations. More
precisely,

t q, p Z tdes U) inv(o) maj(a)’ (14)
ceS,

Al(t,q,p) = Y 1@ gl (1.5)
UEAnd{L

Hean= ¥ oo, g
aeAnd,IlI

ARS t,q,p) Z 4des a) inv(o) rnaj(a)' (1.7)
O'ERSTL

By utilizing decomposition techniques based on the position of the smallest
element, we derive exact recurrence relations for the generating functions of
these statistics.

Theorem 1.1. We have
(a)' AO(taQap) = Al(t7Q7p) =1. Forn > 27

n—1

An(t7q7p) = Anfl(tpafbp)_'—tZ(pq)] |: ] :| Aj(taqap)Anflfj(tpj+17Q7p)'
j=1 q
(1.8)

(b). Al(t,q,p) = Al(t,q,p) = 1. Forn >2,

—9
Al (t,q,p) = AL, (tp.q,p +tZ pq) [ . } ALt q,p) AL _1_; (Pt ¢, p).
q

(1.9)
(c). Aff(t,q,p) = A{'(t,q,p) = 1. Forn>2,
n—2
n—2
At q,p) = AL (tp, ¢, p)+t > (pg®) { ; ] At q,p) ALt g, p).
j=1 q
(1.10)
(). AF(t,q,p) = Af(t,q,p) = 1. Forn > 2,
n—1
n—1
ARS(t,q,p) = A (tp, ¢, p)+t Y (pg)’ [ ; ] A(t,q,p)ATE (89 g, ).
=1 q

(1.11)
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Note that the p = 1 case in (1.8) is equivalent to (1.3). Thus, our result
is a generalization of Chow’s result from the bivariate generating function
to the trivariate case. The summation in (1.11) involves AJI-I (André IT) and

ARS

no1—; (Simsun).

In the classical permutation setting, our recurrence relation yields the
generating function for the trivariate statistics (des, maj,inv) due to Gessel,
which is typically proved using MacMahon’s technique [15].

Theorem 1.2 (Gessel [15]). The following q-series identity for A,(t,q,p)
holds:

'I’L tm

2 A tqp :Z(U;Q>

= (@Ot =

Here and throughout, the g-shifted factorial is defined by

(u: ) 1, if n=0,
U q)n = .
1 1—u)(1—uq) - (1 —ug"t), ifn>1,

(u§ Q)oo = lim (u;q)n — H(l o uqn).

n—oo

In contrast, our approach does not currently yield generating functions
for the corresponding trivariate statistics on André permutations by means
of the recurrences in (1.9) and (1.10). An open problem is to derive such
generating functions through alternative methodologies that have not yet
been fully developed.

2. RECURRENCE FORMULAS

In this section, we investigate trivariate generating functions for classical
permutations, André I permutations, André II permutations, and Simsun
permutations, and complete the proof of Theorem 1.1.

All four recurrence relations derived in this paper originate from a unified
combinatorial decomposition strategy: factor a permutation at the location
of its minimal entry 1, which yields the canonical decomposition map ¥
defined below.

Definition 2.1 (Decomposition map V). Let 0 = o010, € &,, and
suppose 011 = 1. Define the left segment ol =0y oj and right segment
ol =0j19--0,. The map ¥ sends o to the triple ¥(o) = (L, R,w), where:

o L € G; is the order-preserving reduction of the letters of ol onto
the alphabet {1,2,...,75};

e R € &,_j_1 is the order-preserving reduction of the letters of ol
onto the alphabet {1,2,...,n—j—1};
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o w=wiwy - wy is a binary (0,1)-word of length n specified by
0, ifieok,
w; = .
1, otherwise.

Example 2.2. Foroc =692581473 € &g, we have ¥(o) = (L, R, w) with
L=35124, R=231, and binary stringw =101100100.

Given ¢ € G,, with 0,41 = 1 and associated decomposition triple ¥(c) =
J+

(L, R,w), it is not difficult to see that W is reversible and the following

relations are satisfied:

des(o) = des(L) + des(R) + 1 — 6;0, (2.1)
maj(o) = maj(L) + maj(R) + (j + 1) des(R) + 7, (2.2)
inv(o) = inv(L) + inv(R) + inv(w), (2.3)
where 0,0 denotes the Kronecker delta (6;0 = 1 if j = 0, and 6;0 = 0

otherwise).

We first recall a result due to MacMahon [18]. Forn > j > 0, let M(j,n—
Jj) be the set of (0, 1)-sequences of length n consisting of j copies of 0’s and
n — j copies of 1’s. The following well-known result is due to MacMahon
(see [2, Chapter 3.4]). For n > j >0,

n .
[ :| _ Z qmv(w). (2‘4)
Ia werGn-y

In particular, let M (j,n—j) be the set of (0, 1)-sequences w = wiws - - - wy, €
M(j,n — j) such that w; = 1. Then

- e -
Poda wemiGn-g)

Let M12(j,n—j) be the set of (0, 1)-sequences w = wiws - - - wy,, € M(j,n—j)
such that wy =1 and wo = 1. Then

q2] |: ‘ :| _ Z qmv(w)' (2.6)
T de wemiaGn-)

Let M1,(j,n—7) be the set of (0, 1)-sequences w = wyws - - - wy, € M(j,n—j)
such that w; =1 and w,, = 1. Then

n—2 .

¢’ [” . ] D (2.7)
T A weMinGn—j)

Proposition 2.3. Forn > j > 0, let &, ; (resp. Andﬁ’j, Andﬁj, RS, ;)

denote the set of permutations ¢ = oy1---0, in &, (resp. Andl, AndZ,

RS,,) such that 041 = 1. We have

(a). The decomposition map V is a bijection between the set &, ; and the
set 6 x Sp_j_1 xMi(j,n — j).
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(b). The decomposition map V¥ is a bijection between the set Andfw- and
the set Andjl X Andfl_j_l XMin(j,n — 7).

(¢). The decomposition map ¥ is a bijection between the set Andfl{j and
the set AndJH x And” jo1 xMaa(j,n — j).

(d). The decomposition map ¥ is a bijection between the set RS, ; and
the set AndJH X RSp—j—1 xMq(j,n —j).

Proof. Assertions (a)—(c) follow directly from the definition of ¥ and the
respective combinatorial characterizations of classical, André I, and André
IT permutations. We focus the remainder of the proof on part (d).

Recall the standard characterization of Simsun permutations: o € &,, is
Simsun (o € RS,,) if and only if, for every integer 1 < k < n, the subsequence
o) formed by all entries of ¢ bounded above by k (preserving original
positional order) contains no double descent. This successive-truncation
characterization is equivalent to the defining property of RS,,.

Existing literature establishes recursive constructions for Simsun permu-
tations by inserting the mazimal element; see Sundaram [24] and Chow
& Shiu [6]. Our alternative recursion via the minimal element 1 does not
appear in prior references, so we supply a self-contained proof below.

Since 1 is globally minimal, 1 belongs to every truncated subsequence o (*)
for all k > 1 and partitions each such subsequence as o) = (L®*) 1, R*)),
where L*) (resp. R(®) collects entries < k from the reduced left permuta-
tion L (resp. reduced right permutation R). The subsequence o*) avoids
double descents if and only if:

(1) both L*) and R® avoid double descents, and
(2) L™ does not terminate with a descent.

Varying k from 1 to n, the family of constraints imposed on all R%) ig
equivalent to R € RS,—j_1. Meanwhile the full set of constraints on all LK)
condenses to the following property for L:

(P) For every integer k, the subsequence of L composed of entries < k
has no double descent and does not end in a descent.

We now verify that a permutation satisfies property (P) if and only if it
belongs to And’!, proceeding by induction on permutation length |w|. Base
cases |w| < 1 hold trivially.

Let w = auf with g = min(w). Splitting each truncated subsequence
w® = (a® 1, BR), property (P) for w decomposes into three separate
requirements:

(i) « satisfies property (P);

(ii) [ satisfies property (P);

(iii) for every k, nonemptiness of a¥) forces nonemptiness of 3*).
Condition (iii) is equivalent to requiring the smallest element of o U /3 lies
entirely inside 8. By induction, (i) and (ii) imply «, 8 € And”. The com-
bined conditions a, 8 € And” plus min(a3) € § exactly match the standard
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recursive definition of second-kind André permutations, so L € AndJH . This
completes the proof of part (d). O

With Proposition 2.3 in hand, we proceed to establish Theorem 1.1.

Proof of Theorem 1.1. Parts (a)—(d) follow via uniform reasoning using Propo-
sition 2.3 alongside identities (2.5)—(2.7); we present full details only for
case (a).

We classify o € &,, by the position j 4+ 1 of the entry 1, so 0 € &,, ; maps
to U(o) = (L, R, w).
Case j = 0: Here L = (), the binary word w is all-ones, and statistic
simplifications from (2.1)—(2.3) give

Z tdes(cr)qinv(o)pmaj(cr) _ Z tdes(R)qinv(R)pmaj(R)—i-des(R) _ An71(tp, q7p)‘
0€6n 0 ReG,_1
(2.8)
Case j > 1: Applying Proposition 2.3(a) together with the three statistic
decomposition formulas yields

Z 2tdes(a)qinv(a)p]rnaj(cf) _ tp]< Z 75des(L)qinv(L)p]rnaj(L))
UEG,LJ' LGGJ‘

% < Z tdes(R)qinv(R)pmaj(R)+(j+1) des(R))
REGn_j_l
X ( 3 qinv(w>). (2.9)
weMi(j,n—j)
Substitute (2.5) into (2.9), we arrive at
) ; : n—1 .
> pdesl g pmaile) — ¢(pg)i [ . ] Aj(t,q,p) An—jr (0"t 4, p).
O'EGn,j J q

Adding the 7 = 0 term and summing over 1 < j < n — 1 gives (1.8) in
Theorem 1.1(a). O

3. GESSEL’S FORMULA

We now present the proof of the equivalence between the recurrence rela-
tion (1.8) in Theorem 1.1 and the identity (1.12), which implies Theorem 1.2.
Let us define the normalized polynomial B, (t,q,p) as:

An(t,q,p)
(t5P)nt1

Observe that the initial conditions are given by:

Bn(ta Q7p) =

1 1
Bo(t,q,p) = —, Bi(t,q,p) =

=1 =00 —tp) (3:1)
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Substituting this transformation into the recurrence relation (1.8) in Theo-
rem 1.1, we obtain the following recurrence for n > 2:

Bn(t7Q>p) = Bn—l(tpa Q7p)

1-t¢

n—1
+tZ(pq)j [nj_l] Bj(t,q,p)Bn-1—;(tp’ ™, q,p).  (3.2)

Next, we expand B, (t, g, p) with respect to ¢:

n(t,q,p) = Y t"Bum(q,p)-
m>0

By equating coefficients of t™ in (3.1) and (3.2), we obtain the initial values
for the coefficients:

Bom(¢,p) =1 for m >0, (3.3)

1— pm+1

1-p

For n > 2 and m > 0, the recurrence relation becomes:

Bim(q,p) = for m > 0. (3.4)

Bym(4,p) Zan 1,6(¢:p)

m—1

+ Z(PQ)j [ ] pUTVB; o 1(q.p) Buo1—5(a, p).-
e (3.5)

According to Theorem 1.2, proving its main result is equivalent to proving:

ZBn,m(q,p)( u = 1 . (3.6)

= Gn (U5 q)oo(up; @)oo -+ (UP™; ¢)oo

Therefore, establishing the equivalence between Theorem 1.1 (a) and The-
orem 1.2 amounts to verifying the equivalence of (3.5) and (3.6). To this
end, we define the generating function f,, and the product form g,,:

n

fm(USP, ZBnm q, p) (q Q)

n>0

1
oo (UP; @)oo+ (UP™; @)oo
We proceed to demonstrate that f,(u;p,q) and g, (u;p, ¢) satisfy the same
recurrence relation and initial conditions.

gm(u;p,q) = ()

Lemma 3.1. For m > 1, the function fp,(u;p,q) satisfies the recurrence:

Jm(w;p,q) = fm(ug;p, q) + up™ frn(u;p, q)
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m—1
+ > up’ fo(w; p, @) fn-1-s(up” g5 p, q), (3.7)
b=0
with the initial condition
1
Jo(u;p,q) = 3.8
( ) (43 ¢) oo (3:8)

Proof. By definition, By, o(¢q,p) = 1 for all n > 0. The initial condition (3.8)
is immediate from the following Euler’s identity

2" 1
2 (G On  (230)0

n>0

We next show the recurrence relation (37) Observe that

) Buml e:P)]

Fn (0D, @) = fn(ug;p, @) =Y Buml(g, P

n>0 n>0 q q)
—Z&mw o
n>1 q q
Using (3.4), (3.5) and separating the n = 1 term, we have:
1— pm+1 u™
u———+> Bum(q,p)——
l-p (¢ @)n—1
+Z(Zan 1bqp>
= (4 @)n—1
n—1 Tn—1 m—1 u”
+> 1D (wa) [ . } > pUPB vy 1(q,p)Ba1-j(a, p) T
n>2 \ j=1 J q v=0 q54)n—1

We split the summation into two parts corresponding to the two terms in
the recurrence. The first part becomes:

Z ZB’R 1bqp Zup fbqu) )

b=0 n>2

The second part, involving the convolution, becomes:

m—1 . (uprq)j
St Y Bysta ) 3 Bl
n>j+1

= (439);

n—j—1

0
m—1

= up’(fmv-1(up” g3 p, q) — 1) fous p, q).

b=0



ON THE DISTRIBUTIONS OF THE STATISTICS (DES, MAJ, INV) 11

Combining these, the terms involving —1 cancel out with the initial term
u(l —p™th) /(1 — p), yielding:

m—1

up™ fr (w3 p, @) + Y up® £ (w3 p, q) frn—1-6(ugp™ s p, q),
b=0

as desired. This completes the proof. ([l

By definition, it is easy to see that go(u;p,q) = 1/(u;q)ec- It remains to
show that g, (u;p, q) satisfies the same recurrence relation as fp,(u;p, q).

Lemma 3.2. Form > 1,

Im (w30, @) = gm(ug; p, q) + up™ gm(w;p, q)

m—1

+ > up’go(us p, @) gm—1-o(up” g p, q). (3.9)
b=0

Proof. We observe the following relations:
gm(ug;p,q) = (L —u)(1 —up) -+ (1 — up™)gm(u; p, ),
and for the summation terms:
up’go (13 p, @) gm—1-o(up” ¢ p, q)
b 1
(U @)oo (UP; @)oo+ - (up®s @) s
(1 —up® ™) —up”*?) - (1 —up™)
(up®*h; @)oo (upPTp; @)oo - - - (upbTpm 1701 g) o
= up”(1 —up”™)(1 — up”*?) - (1 — up™) g (u; p, @).
Thus, dividing (3.9) by gm(u;p, ¢), the identity to be proven reduces to:
l=1—-u)(l—up) (1 —up™)+up™

:up

m—1
+ ) up’(L = up”t (1 = upPt?) - (1= up™),
b=0

which is a known algebraic identity. This confirms that g, satisfies the
recurrence, establishing the lemma. ([l

Finally, fo = g0 = 1/(u; ¢), and by Lemmas 3.1 and 3.2 the functions f,,
and g, satisfy the same recurrence (3.7) for m > 1. Writing f,,(u;p,q) =
Y >0 Cntt”, this recurrence reads cp(1 — ¢") = p™cp—1 + £y for n > 1,
where /,, depends only on fy, ..., fm_1; together with the value f,,(0;p,q) =
9m(0; p,q) = 1it determines f,,, uniquely from the lower-index functions, and
likewise for g,,. By induction on m we conclude f,, = g,, for all m, which
is (3.6) and hence proves Theorem 1.2.
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